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SOME OLD AND NEW RESULTS ABOUT RIGIDITY OF CRITICAL METRIC
GILLES CARRON
ABSTRACT. We present a new proof of a recent ǫ regularity of G. Tian and J.Viaclovsky.
Moreover, our idea also also works with a kind of Lp, p < dimM/2 assumptions on the
curvature.
1. INTRODUCTION
In this paper, we obtain some new ǫ-regularity and rigidity results for critical metrics
and our arguments will also give new proof of classical ǫ-regularity results.
The class of critical metric has been introduced and study by G. Tian and J. Viaclovsky
([32]) : A Riemannian metric g is said to be critical if its Ricci curvature tensor satisfies a
Bochner type formula :
∇∗∇Riccig +R(Riccig) = 0
where ∇ is the Levi-Civita connection and ∇∗ is its differential adjoint and R is a linear
action of the Riemann curvature tensor on the space of symmetric 2 tensor, in particular
there is a constant Υ (that only depends on this action) such that :
(1.1) ∀h ∈ ⊙2T ∗xM, | R(h)| ≤ Υ|Rm | |h|.
Examples of critical metric are Einstein metric, Ka¨hler metric with constant scalar cur-
vature, locally conformally flat metric with constant scalar curvature and in dimension
4, Bach flat metric with constant scalar curvature. Our main new result is the following
ǫ-rigidity result :
Theorem A. There is a constant ǫ > 0 that only depends on the dimension n and of the
constant Υ appearing in the estimate (1.1) such that if (Mn, g) be a complete Riemannian
manifold whose metric is critical and such that its Riemann curvature tensor satisfies for
some fixed point o ∈M :
|Rm(y)| ≤ ǫ
2
d(o, y)2
,
then the metric g is flat : Rm = 0.
Our result generalizes a recent result of V. Minerbe ([23]) who proved a similar result
for Ricci flat metric with controlled volume growth :
Theorem 1.1. Assume that (Mn, g) is complete Ricci flat Riemannian manifold
Riccig = 0
such that for some fixed point o ∈M , some ν > 1 and some positive constant C > 0 :
∀R > r > 0, volB(o,R)
volB(o, r)
≥ C
(
R
r
)ν
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then there is a constant ǫ > 0 that only depends on n, ν, C such that if
|Rm(y)| ≤ ǫ
2
d(o, y)2
,
then the metric g is flat : Rm = 0.
The first step in the proof of theorem 1.1 was to establish a L1 Hardy inequality :
∀f ∈ C∞0 (M), µ(n, ν, C)
∫
M
|f(x)|
d(x, o)
d volg(x) ≤
∫
M
|df(x)|d volg(x).
And the final step was to use the Bochner type equation
∇∗∇Rm+R(Rm) = 0
satisfied by the Riemann curvature tensor of a Ricci flat metric.
There are many other ǫ-rigidity results that relies on a priori functional inequality (such
as a Sobolev inequality or as the above Hardy inequality) and a integral bounds on the
curvature (cf. for instance [5], [30], [27],[28], [24],[19],[26], [32, Theorem 7.1],[35],[20]
). Such a result has been shown recently for critical metric by G.Tian and J.Viaclovsky in
dimension 4 and by X-X. Chen and B.Weber in higher dimension ([32], [12] :
Theorem 1.2. There are positive constants ǫ > 0 and C > 0 that depend only on the
dimension n and of the constant Υ appearing in the estimate (1.1) such that when (Mn, g)
be a complete Riemannian manifold whose metric is critical and such that for some x ∈M
and r > 0, the geodesic ball B(x, r) satisfies the Sobolev inequality :
∀f ∈ C∞0 (B(x, r)) ,
(∫
B(x,r)
|f(y)| 2nn−2 d vol(y)
)1− 2
n
≤ A
∫
B(x,r)
|df(y)|2d vol(y)
and the following bound for the curvature tensor :
A
n
2
∫
B(x,r)
|Rm(y)|n2 d volg(y) < ǫ
then
sup
B(x, 1
2
r)
|Rm | ≤ A C
r2
(∫
B(x,r)
|Rm |n2 (y)d volg(y)
) 2
n
.
Such a result implies the following ǫ-rigidity result :
Corollary 1.3. Let (Mn, g) be a complete Riemannian manifold whose metric is critical .
Assume that(Mn, g) satisfies the Sobolev inequality :
∀f ∈ C∞0 (M) ,
(∫
M
|f(y)| 2nn−2 d vol(y)
)1− 2
n
≤ A
∫
M
|df(y)|2d vol(y).
If the curvature tensor satisfies
A
n
2
∫
M
|Rm(y)|n2 d volg(y) < ǫ
then (Mn, g) is isometric to the Euclidean space Rn.
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In another paper [34], G. Tian and J. Viaclovsky were able to replace the hypothesis on
the Sobolev inequality by a uniform lower bound on the volume growth of geodesic balls :
∀y ∈ B(x, r), ∀s ∈ (0, r) : volB(y, s) ≥ vsn
It is known that the Sobolev inequality implies such a uniform lower bound (([1] or [8]).
The proof of this improvement used as a preliminary result the above ǫ regularity result
(theorem 1.2) and hence it relied on the intricate de Georgi-Nash-Moser iteration scheme
developed in [32] or [12]. Our idea leads to a direct proof of this improvement that do not
used this iteration scheme and moreover we are able to give some Lp ǫ regularity/rigidity
result, for instance we’ll obtain the following :
Theorem B. There is a constant ǫ > 0 that only depends on n, p and of constant Υ ap-
pearing in the estimate (1.1) such that when (Mn, g) be a complete Riemannian manifold
whose metric is critical and such that any geodesic ball B ⊂M (with radius r(B)) satis-
fies 1:
r2p
volB
∫
B
|Rm(y)|pd volg(y) < ǫ
then the metric g is flat : Rm = 0.
Our argument also leads to a new and direct proof of the following result of M. Anderson
:
Theorem 1.4. There is a positive constant ǫn > 0 such that if (Mn, g) is a complete Ricci
flat manifold satisfying :
lim
r→∞
volB(x, r)
rn
≥ ωn(1− ǫn)
then (Mn, g) is isometric to the Euclidean space Rn.
This result was used by Anderson to prove a ǫ-regularity result based on volume growth
for metric with bounded Ricci curvature ; for Einstein metric, this result implies some
uniform bound on the Riemann curvature tensor. In fact we obtain a new proof and a new
formulation of this estimate :
Theorem C. There are constant ǫ(n) > 0 and C(n) such that if (Mn, g) is a complete
Ricci flat manifold and x ∈M and r > 0 are such that
volB(x, r) ≥ ωn(1− ǫn)rn
then
sup
B(x,r/2)
|Rm | ≤ C(n)
r2
sup
y∈B(x, 3
4
r)
(
ωnr
n − volB(y, r)
rn
) 1
4
.
Our idea is quite versatile and can be used to obtain other rigidity and regularity re-
sults. In a future work, we intend to consider applications of these ideas to the question
of convergence of Einstein/critical metric in dimension n > 4 in the spirit of results of J.
Cheeger, T. Colding, G. Tian [10] or of G. Tian and J. Viaclovsky [33]. What nowadays
is missing is an answer to a question of M. Anderson (cf. [2, Rem 2, p. 475] and G. Tian
[31] about the geometry of Einstein/critical Riemannian manifold with maximal volume
growth and whose curvature satisfies some bound on :
sup
r
(
r4−n
∫
B(x,r)
|Rm |2
)
.
1ωn is the volume of the unit Euclidean ball.
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2. SOME DEFINITIONS AND USEFUL TOOLS
2.1. Regular metric.
Definition 2.1. We say that a Riemannian manifold (Mn, g) is (Λ, k) regular or that the
Riemannian metric g satisfies (Λ, k) regularity estimates if for any x ∈ M and any r > 0
and ε ∈ (0, 1) such that
sup
B(x,εr)
|Rm | ≤ 1
r2
then for all j = 1, . . . , k
(2.1) sup
B(x, 12 εr)
|∇j Rm | ≤ Λ
(εr)jr2
.
Remarks 2.2. a) The choice of half the radius in the estimate (2.1) is arbitrary, indeed it
is easy to show that the (Λ, k) regularity estimate implies the following : if for some
x ∈M , r > 0 and ε ∈ (0, 1) we have
sup
B(x,εr)
|Rm | ≤ 1
r2
then for all δ ∈ (0, 1) and all j = 1, . . . , k, we have
sup
B(x,δ εr)
|∇j Rm | ≤ Λ
εj((1 − δ)r)2+j .
b) This condition of regularity is clearly invariant by scaling : if a metric g satisfies (Λ, k)
regularity estimates then for any positive constant h, the metric h2g satisfies (Λ, k)
regularity estimates.
c) Hence, a metric g satisfies (Λ, k) regularity estimates if and only if for every positive
constant h the metric gh = h2g satisfies the following estimates : for any x ∈ M and
any ε ∈ (0, 1) such that
sup
Bgh (x,1)
|Rmgh | ≤ ε2
then for all j = 1, . . . , k
sup
Bgh(x,
1
2 )
|∇j Rm gh | ≤ Λ ε2.
Sometimes, we will used a weaker assumption on the metric :
Definition 2.3. We say that a Riemannian manifold (Mn, g) is weakly (Λ, k) regular if if
for any x ∈M and any r > 0 such that
sup
B(x,r)
|Rm | ≤ 1
r2
then for all j = 1, . . . , k
sup
B(x, r2 )
|∇j Rm | ≤ Λ
rj+2
.
2.2. Examples of Regular metric.
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2.2.1. Einstein metric and metric with harmonic curvature. When (Mn, g) is Einstein
Riccig = (n− 1)τg
then the curvature satisfies an elliptic equation
(2.2) ∇∗∇Rm+R(Rm) = 0
where R is a certain action of the curvature operator on the space of curvature tensors.
Indeed the Bianchi identies implies that
d∇ Rm = 0
and the fact that the Ricci curvature is zero implies that the curvature tensor (viewed as a
2-forms valued in symmetric tensors) is coclosed :
(d∇)∗Rm = 0 ,
hence the above equation (2.2) is a consequence of a Bochner formula (cf [4, Proposition
4.2])
(d∇)∗d∇ + d∇(d∇)∗ = ∇∗∇+R .
So that any harmonic Riemann tensor :
(d∇)∗Rm = 0
satisfies the Bochner formula (2.2). This implies the following :
Proposition 2.4. If (Mn, g) is a Riemannian manifold with harmonic curvature :(
d∇
)∗
Rm = 0
then (Mn, g) is (Λ, k) regular for a constant Λ that only depends on n and k.
Proof. This regularity result can be proved with some rather classical elliptic regularity es-
timates, along the line of the proof of regularity of critical metric (see the proof of propo-
sition 2.6). But we can also use less elaborate tools using only the maximum principle
(following for instance the argumentation of W. Shi, [29, section 7]).
Indeed assume that g is a complete Riemannian metric with harmonic curvature. If
we assume that on a geodesic ball B(x, 1) ⊂ M , and for some ε ∈ (0, 1), we have the
following uniform bound on the curvature :
sup
B(x,1)
|Rm | ≤ ε2
Then the exponential map is a local diffeomorphism form the unit Euclidean ball B(0, 1) ⊂
(TxM, gx) to B(x, 1) :
expx : B(0, 1)→ B(x, 1)
Then metric g = exp∗x g has also a harmonic curvature tensor and its curvature tensor is
bounded by ε2. We will proved the regularity estimate in the ball B(0, 1) endowed with
the metric g = exp∗x g. Hence we work now on the Riemannian manifold (B(0, 1),g) The
Bochner’s formulae imply that 2:
∆|Rm |2 ≤ C(n)ǫ2|Rm |2 − 2|∇Rm |2
and ∆|∇Rm |2 ≤ C(n)ǫ2|∇Rm |2 − 2|∇2Rm |2.
2C(n) will be a constant that only depends on n and that can vary from one estimate to another.
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We define v = (33ǫ4+ |Rm |2)|∇Rm |2 and consider the function ϕ = 2u−u2 where
u(y) =


1 if |y| ≤ 1/2(
3− 4|y|2)2 if 1/2 ≤ |y| ≤ 3/4
0 if 3/4 ≤ |y|
then we have
|∆ϕ| ≤ C(n) and |dϕ|2 ≤ ϕ .
Hence at a point where the function ϕv is maximal we have
vdϕ + ϕdv = 0 and 0 ≤ ∆(ϕv)
Hence at such a point :
0 ≤ v∆ϕ− 2 〈dϕ, dv〉 +ϕ∆v
≤ v∆ϕ+ 2 |dϕ|
2
ϕ
v + ϕ∆v
≤ C(n)v + ϕ∆v .
A quick computation shows that
∆v ≤ (C(n)ǫ2|Rm |2 − 2|∇Rm |2)|∇Rm |2 + (33ǫ4 + |Rm |2)(C(n)ǫ2|∇Rm |2 − 2|∇2Rm |2)
− 2 〈d|Rm |2, d|∇Rm |2〉
≤ C(n)ǫ2v − 2|∇Rm |4 − 2(33ǫ4 + |Rm |2)|∇2 Rm |2 + 8|Rm ||∇Rm |2|∇2Rm |
≤ C(n)ǫ2v − |∇Rm |4 − 2(33ǫ4 + |Rm |2)|∇2Rm |2 + 16|Rm |2|∇2 Rm |2
≤ C(n)ǫ2v − |∇Rm |4 − 2(33ǫ4 + |Rm |2)|∇2Rm |2 + 16ε4|∇2Rm |2
≤ C(n)ǫ2v − |∇Rm |4
Hence at a point where the function ϕv is maximal, we have
0 ≤ C(n)v + C(n)ǫ2ϕv − ϕ |∇Rm |4 ,
so that we have at such a point :
ϕ2
v2
(34ε4)2
≤ ϕ2 |∇Rm |4 ≤ C(n)ϕv .
This estimate implies the following
sup
B(0,1)
ϕv ≤ C(n)ε8,
and with the definition of v = (33ǫ4 + |Rm |2)|∇Rm |2 , we get :
sup
B(0, 1
2
)
|∇Rm |2 ≤ C(n)ε4.
The estimate on the higher order covariant derivative of the Riemann tensor |∇j Rm |
can be obtained with the same argument using commutation rules between the covariant
derivative∇ and the rough Laplacian ∇∗∇. 
We have already seen that Einstein metric have harmonic Riemann tensor, another ex-
ample of metric with harmonic tensor are locally conformally flat metric with constant
scalar curvature.
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2.2.2. Critical metric. As noticed by G.Tian and J.Viaclovsky [32] , another large class of
Riemannian metric satisfies these regularity estimates:
Definition 2.5. We say that a Riemannian metric is critical if its Ricci tensor satisfies an
Bochner’s type equality :
(2.3) ∇∗∇Riccig +R(Riccig) = 0 .
where R is a linear action of the Riemann curvature tensor on the space of symmetric 2
tensor,
Proposition 2.6. A manifold (Mn, g) endowed with a complete critical metric is is (Λ, k)
regular for a constant Λ that only depends on n and k and on the Bochner formula (2.3).
Proof. First, Indeed using twice the Bianchi identities, we have (see :[4, formula 3.7]) :
∇∗∇Rm+R(Rm) = d∇(d∇)∗ Rm = −d∇ ˜d∇Riccig
where ˜d∇ Riccig (X,Y, Z) = d∇ Riccig(Y, Z,X). Now we can use the coupled elliptic
system :
(2.4)
{
∇∗∇Rm+R(Rm) = −d∇ ˜d∇ Riccig ,
∇∗∇Riccig +R(Riccig) = 0 .
By scaling, we assume that on some geodesic ball B(x, 1) and for some ε ∈ (0, 1), we
have the following uniform bound on the curvature :
sup
B(x,1)
|Rm | ≤ ε2
Then the exponential map is a local diffeomorphism form the unit Euclidean ballsB(0, 1) ⊂
(TxM, gx) to B(x, 1)
expx : B(0, 1)→ B(x, 1)
Then metric g = exp∗x g is also critical and has its curvature tensor bounded by ε2. We
will proved the regularity estimate in the ball B(0, 1) endowed with the metric g = exp∗x g.
Hence we work now on the Riemannian manifold (B(0, 1),g) :
Moreover according to J.Jost and H.Karcher [13], M.Anderson [3, remark : 2.3i) ] there
is a constant δn such that around each point p ∈ B(0, 1/2) there is a harmonic chart on the
ball of radius δn
x : B(p, δn)→ Rn
such that the metric x∗g has uniform C1,α and W 2,n estimate.
Looking at the elliptic equation (2.3) in these coordinates implies that we have a uniform
W 2,n bound
‖Ricci ‖W 2,n(B(p,δn/2)) ≤ C(n)|Rm ‖Ln(B(p,δn)) ≤ C(n)ε2
So that we get an estimate
‖∇2Ricci ‖Ln(B(p,δn/2)) ≤ C(n)ε2.
If we look now at the elliptic equation
∇∗∇Rm+R(Rm) = −d∇ ˜d∇ Riccig
then we get similarly
‖Rm ‖W 2,n(B(p,δn/4)) ≤ C(n)
[‖Rm ‖Ln(B(p,δn/2)) + ‖∇2Ricci ‖Ln(B(p,δn/2))]
≤ C(n)ε2.
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In particular we have a uniform estimate on ∇Rm on these balls B(p, δn/4),
sup
B(0, 2+δn
4
)
|∇Rm | ≤ C(n)ε2.
These argument can be bootstrapped because a uniform bound on ∇j Rm, j = 0, . . . k
implies uniform Ck+1,α and W k+2,n estimate on the metric x∗g and these estimates on
the metric imply a W k+2,p estimate on the curvature tensor. 
Some example of critical metric :
i) A Ka¨hler metric with constant scalar curvature is critical. Indeed if (M,ω) is a Ka¨hler
manifold with Ricci form ρ, The ricci form is closed of type (1, 1) and we have
d∗ρ = −dc Scalg
When the scalar curvature is constant, the Bochner formula on (1, 1) forms implies
that
0 = (dd∗ + d∗d)ρ = ∇∗∇ρ+R(ρ).
ii) Another important example is the case of Bach flat metric in dimension 4.
2.3. The point selection lemma. The following proposition can be found in [21, Appen-
dix H] and is also known as the 1/4-almost maximum lemma (see the λ-maximum lemma
in [16, p. 256].
Proposition 2.7. Assume thatϕ : X → R+ is a continuous function on a complete locally
compact metric space (X, d). If for some x0 ∈ X and r > 0 we have
ϕ(x0) ≥ 1
r2
then for any A > 0 there is a point x ∈ B(x0, 2Ar) such that
ϕ(x) ≥ 1
r2
and
∀z ∈ B
(
x,Aϕ(x)−1/2
)
, ϕ(z) ≤ 4ϕ(x).
Proof. Starting from x0 we build inductively a sequence x0, x1...
If xl is such that on B
(
x0, d(x0, xl) +Aϕ(xl)
−1/2
)
ϕ ≤ 4ϕ(xl)
then we define
xl+1 = xl.
If it is not the case then we can find xl+1 such that
d(x0, xl+1) ≤ d(x0, xl) + A√
ϕ(xl)
and
ϕ(xl+1) ≥ 4ϕ(xl).
If the points x0, x1, ..., xN are distincts then we get for l ∈ {0, ..., N} :
ϕ(xl) ≥ 4lϕ(x0)
and
d(x0, xl) ≤
l−1∑
k=0
A√
ϕ(xk)
≤ 2Ar
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As ϕ is continuous and B(x0, 2Ar) compact, the sequence must stabilize. 
Remark 2.8. We only need the fact that ϕ is bounded on the ball B(x, 2Ar)
3. SOME ǫ-RIGIDITY& REGULARITY RESULTS
3.1. ǫ-quadratic decay.
Theorem 3.1. Let (M, g) be a complete Riemannian manifold whose metric is weakly
(Λ, 1) regular ( where Λ ≥ 1). Let ǫ = 16Λ . If for some fixed point o ∈M we have :
∀y ∈M , |Rm(y)| ≤ ǫ
2
d(o, y)2
then the metric g is flat : Rm = 0.
Proof. If the curvature does not vanish identically, then our hypothesis implies that we can
find a point x ∈M where the curvature reached its maximum, in particular :
|Rm(x)| = 1
r2
and sup
B(x,r)
|Rm | ≤ 1
r2
By (Λ, 1) regularity, we know that
sup
B(x,r/2)
|∇Rm | ≤ Λ 1
r3
In particular, for δ = 1/(2Λ), we have for y ∈ B(x, δr) :
|Rm(y)| ≥ |Rm(x)| − δrΛ 1
r3
≥ 1
2
|Rm(x)| = 1
2r2
.
We have supposed
|Rm(x)| ≤ ǫ
2
d(o, x)2
,
hence
d(o, x) ≤ ǫr ,
and when y ∈ ∂B(x, δr), we have d(o, y) ≥ d(y, x) − d(o, x) ≥ δr − ǫr and
1
2r2
≤ |Rm |(y) ≤ ǫ
2
d(o, y)2
≤ ǫ
2
(δ − ǫ)2r2 ,
Our choice of δ = 3ǫ implies that
ǫ2
(δ − ǫ)2 =
1
4
,
hence the result. 
3.2. Ln2 ǫ-regularity.
Theorem 3.2. Let (M, g) is a complete Riemannian manifold whose metric is (Λ, 1) reg-
ular for some Λ ≥ 1. There is a constant ǫ(Λ, n) > 0 such that if for some x ∈ M and
r > 0 we have
i) ∀y ∈ B(x, 34r), ∀s ∈ (0, r/4), volB(y, s) ≥ vsn
ii) ∫B(x,r) |Rm |n2 (y)dy ≤ ε(Λ, n)v
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then
sup
B(x, 1
2
r)
|Rm | ≤ 16
r2
(
1
v ǫ(Λ, n)
∫
B(x,r)
|Rm |n2 (y)dy
) 2
n
.
Proof. Assume that there is a point z ∈ B(x, 12r) such that
|Rm |(z) ≥ µ
2
r2
where µ ∈ (0, 4]. By the point selection lemma (with A = µ/8), we find a point y ∈
B(z, 14r) ⊂ B(x, 34r) such that
|Rm(y)| = 1
ρ2
≥ µ
2
r2
and
sup
B(y,2A( ρ2 ))
|Rm | ≤ 4
ρ2
.
By (Λ, 1) regularity, we get
sup
B(y,Aρ/2)
|∇Rm | ≤ Λ 8
2Aρ3
=
4Λ
Aρ3
.
As in the proof of of the theorem 3.1, if we let
δ =
A
8Λ
=
µ
64Λ
then on the ball B(y, δρ) :
|Rm | ≥ 1
2ρ2
.
Hence we get ∫
B(x,r)
|Rm |n2 (σ)dσ ≥
∫
B(y,δρ)
|Rm |n2 (σ)dσ
≥ volB(y, δρ)
2
n
2 ρn
≥ v
(
δ√
2
)n
.
For
ǫ(Λ, n) =
(
1
16Λ
√
2
)n
,
we get that when
∫
B(x,r) |Rm |
n
2 (y)dy ≤ ε(Λ, n)v, we can not find a point z ∈ B(x, 12r)
such that
|Rm |(z) ≥ 16
r2
.
Moreover when z ∈ B(x, 12r) then for µ2 = r2|Rm |(z) we get :
vǫ(Λ, n)
(µ
4
)n
= v
(
µ
64
√
2Λ
)n
≤
∫
B(x,r)
|Rm |n2 (σ)dσ.

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Remarks 3.3. i) For Einstein manifold, this results is due to M. Anderson ([2]) : assume
that
Riccig = (n− 1)τg
and note by Vτ (r) the volume of a geodesic ball of radius r in the simply con-
nected complete Riemannian n-manifold with constant sectional curvature τ , then
the Bishop-Gromov inequality implies that for y ∈ B(x, 34r) and s ∈ (0, r/4) we
have :
volB(y, s) ≥ Vτ (s)
Vτ (2r)
volB(y, 2r) ≥ Vτ (s)
Vτ (2r)
volB(x, r)
Hence when |τ |r2 ≤ 1, our proof of theorem (3.2) shows that the above hypothesis i)
and ii) can be gathered in a single one :
Vτ (r)
volB(x, r)
∫
B(x,r)
|Rm |n2 (σ)dσ ≤ ǫ(n).
ii) For critical metric and in dimension 4, this result has been also proven G.Tian and
J.Viaclovsky ([34, theorem1.2]). In fact, this result was a refinement of a earlier result
in ([32, theorem 3.1]) where the hypothesis i) was replaced by a Sobolev inequality :
∀ϕ ∈ C∞0 (B(x, r)), ‖ϕ‖L 2nn−2 ≤ A‖dϕ‖L2 .
And according to ([1] or [8]), such a Sobolev inequality implies a lower bound on
the volume on geodesic ball : if B ⊂ B(x, r) is a geodesic ball of radius r(B) then
volB ≤ C(n)
(
r(B)
A
)n
.
It should also be noticed that the main argument in the proof of the result of G.Tian and
J.Viaclovsky was also a point selection lemma that relies a priori to the ǫ regularity
result on [32], that is the proof relies on a intricate deGeorgi-Moser-Nash iteration
scheme argument. The results of G.Tian and J.Viaclovsky has been extended by X-
X. Chen and B.Weber (??) in two directions : for extremal Ka¨hler metric and in
dimension n > 4. Now from the proof of ([34, proposition 3.1]), it is clear that the ǫ-
regularity result of X-X. Chen and B.Weber (see [12, theorem 4.6]) implies the above
ǫ regularity result. But our proof is shorter and doesn’t rely on deGeorgi-Moser-Nash
iteration scheme argument but on quite classical elliptic estimate.
iii) Eventually, it should be noticed that it is clear that we get estimate on the covariant
derivative of the Riemann tensor ∇j Rm , j = 1, . . . , k, if we assume that the metric
is (Λ, k) regular.
This result also implies some ǫ-Ln2 rigidity result :
Corollary 3.4. Let (M, g) is a complete Riemannian manifold whose metric is (Λ, 1) reg-
ular for some Λ ≥ 1. Assume that :
i) ∀x ∈M and ∀r > 0 , volB(x, r) ≥ vrn
ii) ∫M |Rm |n2 (y)dy ≤ ε(Λ, n)v
Then
Rm = 0.
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3.3. ǫ-Lp regularity. The above argument can be extended to other Lp estimates on the
curvature :
Theorem 3.5. Let (M, g) be a complete Riemannian manifold whose metric is (Λ, 1) reg-
ular for some Λ ≥ 1. Let p > 0. For any x ∈M and r > 0 we let 3:
M(x, r) := sup
B⊂B(x,r)
(
r(B)2p
volB
∫
B
|Rm |p
) 1
p
.
There is a constant ǫ(Λ, p) > 0 such that if for some x ∈M and r > 0 we have
M(x) ≤ ǫ(Λ, p)
then
sup
B(x, 1
2
r)
|Rm | ≤ 16
ǫ(Λ, p)r2
M(x, r)
And we also get the following ǫ-Lp rigidity result :
Corollary 3.6. Let (M, g) is a complete Riemannian manifold whose metric is (Λ, 1) reg-
ular for some Λ ≥ 1. Assume that : ∀x ∈M and ∀r > 0 :
r2p
volB(x, r)
∫
B(x,r)
|Rm |p(y)dy ≤ ε(Λ, p)p
Then
Rm = 0.
It is also clear that these results together with [32, theorem 4.1] gives some conditions
that implies finiteness of the number of ends and that each end is ALE of order 0, but we
prefer to refrain from stating it.
4. ALMOST MAXIMAL VOLUME GROWTH
With the point selection lemma, we are going to give an alternative proof of the follow-
ing (slightly improved) result of Anderson [3]:
Theorem 4.1. There are constant ǫ(n) > 0 and C(n) such that if (Mn, g) is a complete
Ricci flat manifold and x ∈M and r > 0 are such that 4
volB(x, r) ≥ ωn(1− ǫn)rn
then
sup
B(x,r/2)
|Rm| ≤ C(n)
r2
sup
y∈B(x, 3
4
r)
(
ωnr
n − volB(y, r)
rn
) 1
4
.
This theorem has the following corollary
Corollary 4.2. If (Mn, g) is a complete Ricci flat manifold such that
lim
r→∞
volB(x, r)
rn
≥ ωn(1− ǫn)
then (Mn, g) is isometric to the Euclidean space Rn.
3where B runs over all the geodesic ball of radius r(B) included in B(x, r).
4ωn is the volume of the unit Euclidean ball.
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Anderson has shown first the corollary 4.2 with an argument by contradiction and then
he deduced (also by contradiction) an estimate for the C1,α-harmonic radius when the vol-
ume of the geodesic ball is almost maximal under a uniform bound on the Ricci curvature.
When the manifold is Einstein, the elliptic regularity of the Einstein equation implies a
bound on the curvature. For Einstein metric, our curvature estimate is more precise . Here
we are going to show the theorem 4.1, the corollary 4.2 is then straightforward.
Proof. Again assume that there is a point z ∈ B(x, r/2) such that such that
|Rm |(z) ≥ µ
2
r2
where µ ∈ (0, 4]. By the point selection lemma (with A = µ/8) we find a point y ∈
B(z, 14r) ⊂ B(x, 34r) such that
|Rm(y)| = 1
ρ2
≥ µ
2
r2
and
sup
B(y,2A( ρ2 ))
|Rm | ≤ 4
ρ2
.
By (Λ, 7) regularity, we get for j = 1, . . . , 7. :
(4.1) sup
B(y,µρ/16)
|∇j Rm | ≤ C(n)
(µρ)jρ2
.
According to A. Gray and L. Vanhecke, we know the asymptotic expansion of the volume
of geodesic balls [14],[15, Theorem 3.3] :
volB(y, r) = ωnr
n
(
1− 1
120(n+ 2)(n+ 4)
|Rm(y)|2r4 +O(r6)
)
We are going to estimate the ”O(r6)” . The first step is to remark that if B(s) is the
Euclidean ball of radius s in (TyM, gy) then
expy : B(Aρ)→ B(y,Aρ)
is an immersion, hence for g¯ = exp∗y g, we get for all r ≤ Aρ:
volB(y, r) ≤ volg¯ B(ρ).
The estimation (4.1) and the Jacobi equation implies that if t 7→ J(t) is a Jacobi field
along the geodesic t 7→ expy(tv) with |v| = 1, J(0) = 0 and |J ′(0)| = 1 then for all
t ∈ [0, µρ/16] and l ∈ {0, ..., 7} :∣∣∣∣ dldtl J(t)
∣∣∣∣ ≤ Bn|Rm(y)|(µρ)3−l
Then Gray&Vanhecke’s computation leads to
∀s ∈ (0, µρ/16) , volg¯ B(s) = ωnsn
(
1− 1
120(n+ 2)(n+ 4)
|Rm(y)|2s4 + δ(s)
)
where for some constant Dn > 1 depending only on the dimension n :
|δ(s)| ≤ Dns6|Rm(y)|(µρ)−4
We choose s = ηnµ2ρ such that
Dns
6|Rm(y)|(µρ)−4 = 1
240(n+ 2)(n+ 4)
|Rm(y)|2s4
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i.e.
η2n =
1
240(n+ 2)(n+ 4)Dn
Then we get for σ = ηnµ2ρ
volB(y, r)
rn
≤ volB(y, σ)
σn
≤ volg¯ B(σ)
σn
≤ ωn
(
1− η
4
nµ
8
240(n+ 2)(n+ 4)
)
.

4.1. A sphere theorem. With the same idea, we can give a direct proof of the following
result
Theorem 4.3. There is a εn > 0 such that if (Mn, g) is closed Einstein manifold with
positive scalar curvature:
Riccig = (n− 1)g
and
vol(M, g)
volSn
≥ 1− εn
then (M, g) is isometric to the round sphere Sn.
Perhaps, there is a nice optimal volume pinching for Einstein metric with positive scalar
curvature, a nice result in this direction has been proved by M. Gursky ([17]) any non
standard Einstein metric g on the sphere S4 must satisfies
vol(S4, g)
volS4
≤ 1
3
.
The same proof will also prove a local version of this result : for r ∈ [0, π], we denote by
V1(r) the volume of a geodesic ball in Sn :
V1(r) = vol(S
n−1)
∫ r
0
(sin(t))n−1dt.
Theorem 4.4. There is a εn > 0 such that if (Mn, g) is closed Einstein manifold with
positive scalar curvature:
Riccig = (n− 1)g
and such that for some r ∈ (0, π] and all x ∈M :
vol(B(x, r))
V1(r)
≥ 1− εnr4
then (M, g) has constant sectional curvature.
These theorems are consequence of a result of M. Anderson and of the isolation of the
round metric amongst Einstein metric. Indeed, a consequence of Anderson’s result ([3,
theorem 1.2]) is the following :
For δ > 0, we can choose ǫ(n, δ) > 0 such that the hypothesis
Riccig = (n− 1)g and vol(M, g)
volSn
≥ 1− ε(n, δ)
implies that the sectional curvature of g are in a interval (1 − δ, 1 + δ). Now according to
[18], [22], [6],[7], we know that a Einstein metric with sectional curvature in the interval
(12 , 2) has constant sectional curvature. If we don’t care about the optimal value of the
pinching condition such a rigidity result can be easily proven with the maximum principle.
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Indeed the Weyl tensor W of an Einstein metric satisfies a Bochner formula ([4, Propo-
sition 4.2],[30]):
∇∗∇W+2Scalg
n
W = W ∗W
where W ∗W is a quadratic expression in the Weyl tensor. Hence if Riccig = (n − 1)g,
we obtain that the length of the Weyl tensor satisfies :
∆|W |2 + 4(n− 1)|W |2 = 2〈W,W ∗W〉 − 2|∇W |2
Hence at a point where the length of the Weyl tensor reaches its maximum, we have :
4(n− 1)|W |2 ≤ ∆|W |2 + 4(n− 1)|W |2 = 2〈W,W ∗W〉 ≤ c(n)|W |3.
Hence either W = 0 or maxx∈M |W(x)| ≥ 2(n−1)c(n) .
Proof. We use again the same idea to proved the above theorems. Assume that (Mn, g) is
a closed Einstein manifold with positive scalar curvature:
Riccig = (n− 1)g
and that the sectional curvature of g are not constant, then we know that
max
M
|W | ≥ 2(n− 1)
c(n)
.
Let x ∈M be a point where this maximum is reached :
1
ρ2
= |W(x)| = max
M
|W |.
By regularity, we obtain estimates on all the covariant derivative of the Weyl tensor : for
j ∈ {1, . . . , 7}
max
M
|∇j W | ≤ C(n) 1
ρj
(Recall that the diameter of M is bounded by π and that ρ2 ≤ 2(n−1)c(n) .)
The same argument using the computations of Gray and Vanhecke show that for some
constant δn > 0 and for all s ∈ (0, δnρ) :
vol(B(x, s))
V1(s)
≤ 1− 1
240(n+ 2)(n+ 4)
(
s
ρ
)4
.
Then the Bishop-Gromov comparison principle implies then that :
vol(M, g)
volSn
=
vol(B(x, π))
V1(π)
≤ vol(B(x, δnρ))
V1(δnρ)
≤ 1− δ
4
n
240(n+ 2)(n+ 4)
.
It also implies that for r ∈ (δnρ, π]
vol(B(x, r))
V1(r)
≤ 1− δ
4
n
240(n+ 2)(n+ 4)
≤ 1− δ
4
n r
4
240(n+ 2)(n+ 4)π4
.
and because ρ2 ≤ 2(n−1)c(n) , we have a constant ηn such that for all r ∈ (0, π] :
vol(B(x, r))
V1(r)
≤ 1− ηnr4.

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4.2. Another rigidity result. The same argument can be used to prove a volume rigid-
ity result when the scalar curvature is zero and when the second term in the asymptotic
expansion in the volume of geodesic balls has a definite sign :
Theorem 4.5. There is a constant εn > 0, such that when (Mn, g) is a complete locally
conformally flat manifold with zero scalar curvature of dimension n ≥ 4 such that for
some v > 0 :
∀x ∈M, ∀r > 0 : vrn ≤ volB(x, r) ≤ ωnrn(1 + εnv4)
then (Mn, g) is isometric to the Euclidean space Rn.
Proof. Indeed at a 4 almost maximal point of the length of the Riemann curvature tensor,
we have
|Rm(x)| = 1
ρ2
and max
B(x,ρ)
|Rm | ≤ 4
ρ2
.
because volB(x, r) ≥ vrn, then Cheeger’s estimate of the injectivity radius ([9],[11, the-
orem 4.2]) implies that the injectivity radius at x is bounded from below :
injx ≥ ηnvρ.
Again if we denote by B(s) the Euclidean ball of radius s in (TxM, gx) then
expx : B(ηnvρ)→ B(y, ηnvρ)
is a diffeomorphism (Note that our hypothesis implies in particular that v ≤ ωn). Hence
for g = exp∗c g, we get for all r ≤ ηnvρ:
volB(y, r) = volg B(r).
When the metric is locally conformally flat with zero scalar curvature, Gray&Vanhecke’s
computation is that
volB(x, r) = ωnr
n
(
1 +
2n− 7
90(n2 − 4)(n+ 4) |Riccig(x)|
2r4 +O(r6)
)
The same arguments implies that for some δn > 0 and εn > 0 , we have for s = δnvρ
volB(x, s) ≥ ωnsn
(
1 + v4εn
)
.

Remark 4.6. Using the [15, Corollary 3.4] in dimension 3, the same proof furnishes that
there is a ε(Λ) > 0 such that if (M, g) is complete (Λ, 7) regular 3-manifold with zero
scalar curvature such that
∀x ∈M, ∀r ≥ 0 : volB(x, r) ≥ ωnr3(1− ε),
then (M, g) is isometric to the Euclidean space R3.
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